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This work deals with lump-like structures in models described by a single real scalar field in two-
dimensional spacetime. We start with a model that supports lump-like configurations and use the
deformation procedure to construct scalar field theories that support both lumps and kinks, with
the corresponding stability investigation giving rise to new physical systems. Very interestingly,
we find models that support stable topological solutions, with the stability potential being able to
support a tower of non-negative bound states, generating distinct families of potentials of current
interest to quantum mechanics. We also describe models where the lump-like solutions give rise to
stability potentials that have the shape of a double-well.
PACS numbers: 03.50.-z, 03.65.-w; Classical field theories, Quantum mechanics
I. INTRODUCTION
The study of defect structures in models governed by
real scalar fields in (1, 1) spacetime dimensions has been
implemented in a diversity of contexts in high energy
physics [1, 2]. These structures can have topological or
nontopological behavior and are in general called kinks
or lumps, respectively; see, e.g., Refs. [1–7] and refer-
ences therein. An interesting issue that follows from the
investigation of the stability of kinks and lumps is that
the linear fluctuations around them lead to the presence
of potentials that may be used to describe problems in
quantum mechanics [8–14].
The connection of kinks and lumps with quantum me-
chanics (QM) is a well-known fact which has been suc-
cessfully exploited to describe several phenomena in non-
linear science. In particular, the lump-like structures
which we will be studying in the current work may con-
tribute to the formation of structures in the early Uni-
verse [1, 15, 16] and q-balls [17–21], vortons [22, 23] and
oscillons [24–26] in high energy physics. They can also
be used to describe bright solitons in applications in opti-
cal fibers [27–29], tunneling effects in quantum mechanics
[30], and to model tachyon condensation and lump solu-
tions in string theory [31–37]. Since the lump-like struc-
tures are in general unstable, one can also use them to
model dissipation, making contact with two interesting
studies concerning the presence of dissipation in quan-
tum gravity [38] and in classical mechanics [39], among
other interesting possibilities.
The case of q-balls explored in [17–21], for instance,
concerns models described by charged scalar fields, with
the charge being crucial to make the localized solu-
tion stable against decay into the elementary excitations
present in the models. In this sense, the lump-like struc-
tures to be considered in this work may be stabilized by
making the scalar field complex, or yet, by coupling other
charged fields to them, bosonic or fermionic. These pos-
sibilities may add charge to the lump-like structures, and
may make them stable, enlarging the scope of the current
work.
The purpose of this paper is to use the deformation
procedure described in [40] to extend the analysis initi-
ated in [12–14] to explore new scenarios involving lumps
and their relation with QM systems. The families of
models considered in this work include cases that sup-
port both lump-like and kink-like configurations, poten-
tially leading to novel applications in the various scenar-
ios mentioned above. The QM counterpart of the field
theory models considered here may generate towers of
non-negative bound states and potentials with the shape
of a double-well.
We remark that most of the systems to be studied be-
low are unstable against large field fluctuations, so the
results may not have direct interest to problems in quan-
tum field theory. However, the classical investigations
which we introduce are of interest to QM and more, in
the context of effective field theory the models may find
applications to describe features of localized structures
like q-balls, vortons, oscillons and tachyon condensation,
as we have already commented on above. Yet in the con-
text of effective field theory, the current work explore
classical issues that are similar to ideas explored before
in several works, in particular in [41], in which the lump
solution of φ3 field theory provides a toy model for unsta-
ble D-branes of bosonic string theory, in [42, 43], which
deal with localized structure in a scalar field model de-
scribed by a vacuumless potential, in Refs. [44, 45], which
investigate the presence of topological solutions in scalar
field theory with a non canonical kinetic term, in which
the kinematics is modified to include higher power in the
derivative of the scalar field, and in Ref. [46], where the
non canonical modification of the kinematics is used to
explore the formation of compact structures similar to
kinks and vortices.
In this paper, we follow similar ideas and explore mod-
els that support localized lump-like structures and their
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2FIG. 1: The inverted φ4 potential (2).
deformations into kink-like structures. The content of
the paper is organized as follows. In Sec. II we review
the inverted φ4 model and show that it supports lump-
like configurations that are unstable against small fluc-
tuations. We then use in Sec. III the methods developed
in [40] to generate new families of models that support
lumps and kinks, with the kink-like configurations induc-
ing the presence of towers of non-negative bound states.
In Sec. IV a different model is introduced, which gives
rise to QM potentials with the double-well profile. We
end the work with some comments and conclusions in
Sec. V.
II. LUMP-LIKE STRUCTURE
Let us deal with a real scalar field φ = φ(x, t) in (1, 1)
spacetime dimensions, described by the Lagrangian den-
sity
L = 1
2
∂µφ∂
µφ− V (φ). (1)
We use natural units (~ = c = 1) and consider dimension-
less field and coordinates; also, we take the metric such
that xµ = (x0 = t, x1 = x) and focus on the inverted φ4
model, which is defined by the potential
V (φ) =
1
2
φ2(1− φ2). (2)
It has two nontopological sectors, the left and right sec-
tors which are illustrated in Fig. 1. Although the two
sectors are not symmetric around the corresponding max-
ima, the lump-like solutions are symmetric because they
start at the minimum at φ = 0 and go to the zero of the
potential (at φ = ±1) and then return to the minimum
at φ = 0. The static solutions are bell-shaped, known
as lump-like configurations, and here they are given by
φl(x) = −sech(x) and φr(x) = sech(x).
If one investigates linear stability of these lump-like
solutions, in the form φ(t, x) = φ(x) + η(t, x) with
η(t, x) =
∑
cos(wn t) ηn(x), one gets a Schro¨dinger-like
equation which can be written as(
− d
2
dx2
+ u(x)
)
ηn(x) = w
2
n ηn(x) , (3)
where u(x) = Vφφ evaluated on the static field solution
FIG. 2: The modified Po¨schl-Teller potential (4).
FIG. 3: The potential (7), depicted for a =
√
2/2, showing its
two lateral nontopological sectors and the new central topo-
logical sector.
φ(x). In the case under consideration the stability po-
tential u(x) is given by
u(x) = 1− 6 sech2(x). (4)
It is of the modified Po¨schl-Teller type [47] and is illus-
trated in Fig. 2. It has two bound states, the zero mode
that has zero energy and another bound state, with nega-
tive energy, which is dimensionless and equals −3 for the
above model. As it is well-known, the presence of the
negative energy bound state makes the lump-like solu-
tions linearly unstable. Anyway, the investigation of sta-
bility of the defect structures is directly connected with
quantum mechanics, so it is also of interest to quantum
physics; see, e.g., Refs. [9–11, 30].
In order to describe the topological behavior of lumps
and kinks, we introduce the topological current in the
standard way [1, 2]
jµ = εµν∂νφ. (5)
It is conserved and induces the topological charge Q =
φ(∞) − φ(−∞), which only depends on the asymptotic
behavior of the solution. It is nonzero for kinks; how-
ever, it vanishes in the case of lumps, so they are not
topologically protected and may decay to the constant
and uniform configuration which identifies the minimum
of the potential, which has the same vanishing topologi-
cal charge.
III. THE PROCEDURE
The inverted φ4 model introduced above can be used
as the basis to generate other models using the deforma-
tion method of [40]. Paralleling the analysis of [14], we
consider several distinct possibilities below.
3FIG. 4: The stability potential (10).
A. From lumps to stable intermediate kinks
We first take the deformation function
fa(φ) = a− |φ| , (6)
with a being real and positive, and use it in the potential
(2) to get to
Va =
1
2
(a− |φ|)2(1− a2 + 2a|φ| − φ2) . (7)
The potential (2) has two maxima at φ = ±√2/2. Then,
the potential (7) is a smooth function for a = 0 and for
a =
√
2/2. For a = 0 we get back to the potential (2),
but for a =
√
2/2 one gets a new potential, which has two
lateral nontopological sectors and a central topological
sector, as illustrated in Fig. 3.
The deformation procedure which we used to write the
potential Va in Eq. (7) was proposed in Ref. [40]. Math-
ematically, one writes
Va(φ) =
V (φ→ fa(φ))
f ′2(φ)
, (8)
and the recipe is to write the new potential Va starting
with the potential V (φ) giving by (2), changing φ by
fa(φ) and then dividing it by the square of the derivative
of the deformation function.
The lump-like solutions of the potential (7) for a =√
2/2 are φ±(x) = ±
√
2/2 ± sech(x), for the two non-
topological sectors, the left (−) and right (+) sectors.
Moreover, for the central topological sector we also have
the kinklike solutions
φ(x) = ±
 −
√
2
2 + sech(x− x0), x ≤ 0 ,
√
2
2 − sech(x+ x0), x ≥ 0 ,
(9)
where x0 = arcsech(
√
2/2).
If one considers the two lateral nontopological sectors,
one obtains the same quantum potential (4), as in the
case of a = 0. However, the central topological sector is
new and gives rise to a new stability potential. It has the
form
u(x) = ±
 1− 6 sech
2(x− x0), x ≤ 0 ,
1− 6 sech2(x+ x0), x ≥ 0 ,
(10)
FIG. 5: The deformed potentials obtained applying the defor-
mation (6) with a =
√
2/2 in the inverted φ4 potential (2) two
and three times, in the top and bottom panels, respectively.
as illustrated in Fig. 4. This potential is shallower than
(4) and, as a result, it supports only one bound state, the
zero-mode with vanishing energy. The field configuration
is, therefore, stable.
Applying the deformation procedure (6) for a =
√
2/2
again and again on the potential (2), one generates new
potentials, as illustrated in Fig. 5 for two and three repe-
titions. One notes that for an odd number of repetitions,
the new potential gets an odd number of topological sec-
tors in between the two lateral sectors, and if the number
of times is even, one gets an even number of topological
sectors in between the two lateral sectors. But they all
give rise to the same stability potential (4) for the lat-
eral nontopological sectors, and the potential (10) for the
central topological sectors.
FIG. 6: The stability potential (17), depicted for n = 1 (solid
line), n = 2 (dashed line) and n = 3 (dotted-dashed line).
4B. String-inspired models
Let us now propose new models, suggested by the
study of tachyon condensation in string theory [31, 32].
We consider the inverted φ4 model given by (2) and take
advantage of the deformation procedure described in [40]
to deform it with the deformation function
fn(φ) = |φ| 1n , (11)
with n = 1, 2, 3, ... . This leads us with the family of
potentials
Vn(φ) =
1
2
n2φ2
(
1− |φ| 2n
)
, (12)
which have the lump-like solutions φ(x) = ± sechn(x).
These potentials have a local minimum at φ = 0 and two
maxima at φ = ±(n/(n + 1))n/2, and the same profile
as for n = 1, already illustrated in Fig. (1). They have
been considered before in [33, 34] to describe tachyon
condensation in string theory [31, 32].
The above models generate the family of stability po-
tentials
un(x) = n
2 − (n+ 1)(n+ 2) sech2(x) . (13)
The above modified Poschl-Teller potentials [47] have n+
1 bound states, with energy nm = n
2 − (n + 1 − m)2
for m = 0, 1, 2, ..., such that m ≤ n. We note that:
n0 = −2n− 1 is the negative energy bound state, which
depends on n; n1 = 0 represents the zero mode for any
n; and for n > 1, there are other n−1 bound states with
positive energies. The nonnegative energy bound states
are as follows: for n = 1, there is the zero mode; for n =
2, there are the zero mode and another bound state with
energy 3; for n = 3, there are the zero mode and two other
bound states with energies 5 and 8; for n = 4, there are
the zero mode and three other bound states with energies
7, 12, and 15, etc. The spacing between the nonnegative
energy levels goes as follows: it is 3 for n = 2; 5 and 3 for
n = 3; 7, 5 and 3 for n = 4; etc. One then notices that for
a given n, the spacing between consecutive energy levels
diminishes in a way very different from the case of the
energy levels of the hydrogen atom, for instance.
We follow the previous work [14] and use the deforma-
tion
fan(φ) = an − |φ| , (14)
where an = (n/(n + 1))
n/2, to obtain new family of po-
tentials of the form
Van(φ) =
1
2
n2 (an − |φ|)2
(
1− |an − |φ||
2
n
)
. (15)
They have profile similar to the cases already shown in
Fig. 3. The lump-like solutions of the above potential
(15) are φ±(x) = ± an±sechn(x), for the two nontopolog-
ical lateral sectors, and for the central topological sector
one gets the kinklike solutions
φn(x) = ±
−(n/(n+ 1))
n/2 + sechn(x− x0), x ≤ 0 ,
(n/(n+ 1))n/2 − sechn(x+ x0), x ≥ 0 ,
(16)
where x0 = arcsech(
√
n/(n+ 1)).
We see that for the two lateral nontopological sectors
we obtain the same stability potential (4), but for the
central topological sector we have
u(x) = ±
n
2 − (n+ 1)(n+ 2) sech2(x− x0) , x ≤ 0 ,
n2 − (n+ 1)(n+ 2) sech2(x+ x0) , x ≥ 0 ,
(17)
as illustrated in Fig. 6, for n = 1, 2, 3. These potentials
have bound states that are controlled by n, with the zero-
mode as the ground-state. The number of bound states
is equal to n, that is, for n = 3, for instance, the po-
tential supports the zero mode and two other positive
energy bound states, with the same energies engendered
by the positive energy bound states of the potential (13),
as already commented on below Eq. (13). Thus, we have
found a topological sector that supports the zero mode
and a finite number of bound states, which is a good nov-
elty since this tower of non-negative bound states may
find applications in situations of practical interest in su-
persymmetric QM.
It is interesting to notice that the potential (17), de-
picted in Fig. 6, has n bound states, that is, it excludes
one bound state, exactly the lowest (negative) energy
bound state that appears in the case of lumps. In this
sense, the procedure works nicely since the kink-like so-
lution is stable, so it cannot have negative energy bound
state. This is similar to the previous case, since the po-
tential (10), depicted in Fig. 4, is also shallower and does
not support negative bound state.
We can go on and deform the deformed model (15)
again and again, generating a family of models with
two lateral nontopological sectors, and several topologi-
cal sectors that are equal to the central topological sector
uncovered from the deformation of the model (12).
IV. ANOTHER FAMILY OF MODELS
Let us now consider the model
Vs(φ) = 2φ
2
(
φ− tanh(s))(φ− coth(s)), (18)
where s is a nonnegative real parameter. This poten-
tial is depicted in Fig. 7, for some values of s. Besides
the minimum at 0, it has another minimum, the global
minimum at
φ+ =
3 + 3 e4s +
√
e8s + 34 e4s + 1
4(e4s − 1) , (19)
and a local maximum at
φ− =
3 + 3 e4s −√e8s + 34 e4s + 1
4(e4s − 1) . (20)
5FIG. 7: The potential (18), depicted for s = 0.5 (solid line)
and s = 1.0 (dashed line). The inset at the top panel high-
lights the behavior of the potential near the origin.
FIG. 8: The lump-like solution (21), depicted for s = 0.5
(solid line) and for s = 1.0 (dashed line).
FIG. 9: The stability potential (22), depicted for s = 0.5
(solid line) and for s = 1.0 (dashed line).
Although the minimum at φ = 0 does not depend on
s, both φ± depend explicitly on s, which also controls
the profile of the lump-like solutions. The model was
investigated in [5] and supports the lump-like solution
φs(x) =
1
2
(
tanh(x+ s)− tanh(x− s)), (21)
which is depicted in Fig. 8. The parameter s controls the
amplitude and width of the lump-like solution, so it is of
interest to the current study to investigate its stability.
We do this in the standard manner, to get the stability
FIG. 10: The potential that appears using a = φ+, depicted
for s = 1.
potential
us(x) = 4+24φ
2
s(x)−12
(
tanh(s)+coth(s)
)
φs(x) , (22)
with φs(x) given by (21).
This is an interesting potential since the value
s¯ =
1
2
ln
(
2 +
√
3
)
(23)
identifies two regions, one for s ≤ s¯, where the potential
has the single well profile, and the other for s > s¯, where
it develops the shape of a double-well potential, as one
illustrates in Fig. 9 for s = 0.5 and for s = 1.0. As one
knows, the zero mode has the form
η1(x) = N1
(
sech2(x+ s)− sech2(x− s)), (24)
where N1 is the normalization factor. The zero mode has
a node at x = 0, so there is another bound state with neg-
ative energy, which makes the lump-like solution linearly
unstable. In general, if the field configuration is known
analytically, we can also know the zero mode analytically,
since it is the derivative of the field configuration which
represents the localized structure, being it topological or
non-topological. However, we do not have a general ar-
gument to infer if the other bound states could also be
expressed analytically.
As one knows, the negative energy bound state is sym-
metric and can be found as suggested in Ref. [48], for in-
stance, where a nonperturbative procedure to the double-
well potential was developed. In several aspects, the po-
tential with s > s¯ gives rise to a quantum system that
is similar to systems used before to describe the ammo-
nia molecule NH3, thought to be shaped as a symmet-
rical pyramid, with the Nitrogen tunneling through the
planar equilateral triangle of Hydrogen atoms; see, e.g.,
Refs. [49, 50] for two distinct double-well models, and
Ref. [51] for experimental results. In the model above,
one has a single parameter s which controls the gap be-
tween the ground state, symmetric, and the zero mode,
antisymmetric. So we can use this in applications of cur-
rent interest in quantum physics.
We go on and deform the model with
fa(φ) = a− |φ| (25)
6FIG. 11: The potential (26), that appears using a = φ−,
depicted for s = 1.
with a being the minimum at φ+, and this leads us to a
model with two identical nontopological sectors, as illus-
trated in Fig. 10 for s = 1. But we can also use a as the
maximum at φ−, and this gives rise to the model
U(φ) = 2(φ− − |φ|)2
(
φ− − tanh(s)− |φ|
)
×(φ− − coth(s)− |φ|), (26)
which is illustrated in Fig. 11 for s = 1. It has a single
topological sector with kinklike solution
φ(x) =
 −φ− + φs(x− x0), x ≤ 0 ,φ− − φs(x+ x0), x ≥ 0 , (27)
with φs(x) given by (21), and x0 such that φs(x0) = φ−.
The stability potential in this case gives rise to a new
quantum system, as illustrated in Fig. 12 for s = 1, with
the zero mode given by
η0(x)=
sech
2(x− x0 + s)− sech2(x− x0 − s), x ≤ 0 ,
sech2(x+ x0 − s)− sech2(x+ x0 + s), x ≥ 0 ,
(28)
which has no node and so is the ground state of the
quantum potential, as it usually happens with topolog-
ical solutions. One notices that the stability potential
depicted in Fig. 12 (solid line) is very similar to the mod-
ified Po¨schl-Teller potential u(x) = 4− 6 sech2(x) which
is also depicted in Fig. 12 (dotted line) and known to
have two bound states, the zero mode and another one,
with positive energy. This suggests that the new poten-
tial (Fig. 12, solid line) has another bound state, with
energy close to the value found for the modified Po¨schl-
Teller potential. It is always possible to find the bound
state numerically and we can, for instance, use the stan-
dard shooting method, as recently explored in Ref. [52].
Although the subject of [52] was the scattering of kinks
of the sinh-deformed ϕ4 model, the model also engenders
stability potential similar to the ones depicted in Fig. 12,
which presents a positive bound state with energy close
to the energy of the positive bound state which appears
in the modified Po¨schl-Teller potential.
We can deform these models again and again, to gen-
erate new field theory models, in a way similar to the
FIG. 12: The stability potential that appears from the model
(26), depicted for s = 1 (solid line) and the modified Po¨schl-
Teller potential (dotted line).
investigations done before for the other families of mod-
els. As shown in [14] and in the above investigations, the
procedure used to deform a given model and construct
another one can be implemented algorithmically, to gen-
erate distinct models, which can give rise to a replication
of the same stability potential, or to generate new poten-
tials, that are not present in the model used to implement
the deformation procedure.
V. ENDING COMMENTS
In this work we considered models described by a single
real scalar field in (1, 1) spacetime dimensions to generate
stability potentials that may be used to define new quan-
tum problems. We first used the inverted φ4 model to
show its lump-like structures, which are unstable against
small fluctuations. We then deformed the model to gen-
erate families of models, having the very same nontopo-
logical sectors, but including new topological sectors, all
of them having the zero mode and no other bound states.
We also proposed a new family of models that sup-
port different lump-like structures that are also unstable
against small fluctuations, but we deformed them to get
new possibilities, including the presence of kinklike con-
figurations that support a tower of non-negative bound
states. The tower of bound states give rise to new quan-
tum systems, whose physical properties will be explored
elsewhere. We also found models that can be used to
describe quantum potentials with the double-well shape,
and so can be used in applications of current interest in
quantum mechanics.
The results of the current work open a new avenue,
which instigates us to implement further investigations,
in particular, on the construction of new models that
support lump-like solutions, as the ones introduced in
[5, 6], for instance. This is of current interest, since
lump-like structures may appear in optical fibers as
bright solitons [27–29], so we may use the results of the
work to describe new bright soliton configurations in
fibers. We are also considering the new QM potentials
that appeared in Eq. (17), which are parametrized by
n and support n bound states, to see how they behave
7under the rules of supersymmetric quantum mechanics
[9–11]. An investigation of current interest concerns
the use of these models to investigate the possibility
to construct ladder operators that allow us to connect
the several bound states. We believe that this issue
will require the presence of shape invariance [10, 11],
so we are now searching for the possibility to consider
the procedure used in this work to describe systems
that engender shape invariance. Another interesting
issue concerns the scattering of kinks in this model. As
one knows, the presence of the zero mode and another
positive energy bound state in the modified Po¨schl-Teller
potential, makes the scattering of kinks an interesting
subject, and we think that the scattering of kinks in
these new models may be much more interesting yet,
since the presence of extra bound states may induce
new effects, as the suppression of two-bounce windows
described recently in [53]. Another line of investigation
concerns issues dealing with the connection between the
current procedure and the reconstruction of scalar field
theories studied before in [3, 4, 13] and in references
therein. We are also investigating the possibility to
extend the above results to planar structures like vortices
and skyrmions. We hope to report on these and other
related issues in the near future.
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